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The purpose of the present study is the presentation of the appropriate element and shape
function in the solution of the neutron diffusion equation in two-dimensional (2D) ge-
ometries. To this end, the multigroup neutron diffusion equation is solved using the
Galerkin finite element method in both rectangular and hexagonal reactor cores. The
spatial discretization of the equation is performed using unstructured triangular and
quadrilateral finite elements. Calculations are performed using both linear and quadratic
approximations of shape function in the Galerkin finite element method, based on which
results are compared. Using the power iteration method, the neutron flux distributions
with the corresponding eigenvalue are obtained. The results are then validated against the
valid results for IAEA-2D and BIBLIS-2D benchmark problems. To investigate the de-
pendency of the results to the type and number of the elements, and shape function order,
a sensitivity analysis of the calculations to the mentioned parameters is performed. It is
shown that the triangular elements and second order of the shape function in each
element give the best results in comparison to the other states.
Copyright © 2016, Published by Elsevier Korea LLC on behalf of Korean Nuclear Society. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).1. Introduction
Numerical solutions to the neutron diffusion equation are
usually based on four general computational methods: (1) the
finite difference method; (2) the flux synthesis method; (3) the
finite element method (FEM); and (4) the nodal method. Flux
synthesis methods use point fluxes, while FEMs use expan-
sion coefficients. In the finite difference and nodal methods,
the primary variables are the average node fluxes. In the FEM,
the structural system is modeled by a set of appropriate finiteent Method; IAEA, Inte
ter Reactor.
sseini, Sensitivity Analy
lear Engineering and Te
sevier Korea LLC on beha
mons.org/licenses/by-ncelements interconnected at points called nodes. Elements
may have physical properties, such as thickness, neutron
diffusion coefficient, absorption, fission, and scattering cross
section. Some other methods can combinemore of the above-
mentionedmethods, and so it can be difficult to classify them.
The aforementioned methods have some special advan-
tages and disadvantages in comparison to others. The finite
element technique is well known from other fields of engi-
neering, particularly structural mechanics, and the method is
now also applied to reactor physics. The basic idea is dividingrnational Atomic Energy Agency; BC, Boundary Condition; RPE,
sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
lf of Korean Nuclear Society. This is an open access article under
-nd/4.0/).
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flux inside each mesh in terms of piecewise polynomials, and
considering the expansion coefficients as the primary vari-
ables. Continuity conditions along the interface of neighboring
elements give the equations for the unknown coefficients.
With the use of piecewise polynomials, also called basis-
functions, it is possible to obtain good approximations of the
local flux variation. Two main types of basis-functions have
been proposed for neutron diffusion problems, either
Lagrange polynomials, which interpolate between function
values at base points distributed evenly over the finite
element, or Hermit interpolation polynomials, which are
based on function values and derivatives on the boundaries of
the element [1]. Depending on the type of the trial functions
being used, there are four types of finite element method:
eSubdomain method (constant function)
eCollocation method (Dirac function)
eGalerkin's method (basis function)
eLeast square method (error function)
In general, the FEM is preferred in most applications to its
principal alternative, the finite difference method, due to its
flexibility in the treatment of curved or irregular geometries
and the high rates of convergence attainable by the use of high
order elements. The first application of FEM to the theory of
neutron diffusion dates back to the 1970s [2]. The develop-
ment in the application of FEM to the neutron diffusion
equation has been described in the treatise of Lewis [3].
Recently, several other applications of FEMs including Rav-
iarteThomaseSchneider, hybrid, h-adaptivity, and response
matrix have been introduced to solve the neutron diffusion
equation [4e6]. The recently developed Galerkin FEM (GFEM)-
two-dimensional (2D) computational code could be applied to
calculations of the neutron diffusion equation using the un-
structured triangular elements [7].
In this paper, the neutron flux distribution and neutron
multiplication factor are calculated from the solution of the
multigroup neutron diffusion equation using the GFEM. The
calculations are performed using the unstructured triangular or
quadrilateral finite elements for both linear and quadratic ap-
proximations of the shape function. The calculations are
benchmarked against the available valid data fromwell-known
IAEA-2D and BIBLIS-2D benchmark problems. In order to selectFig. 1 e Unstructured quadrilateral element. (A) Linear a
Please cite this article in press as: S.A. Hosseini, Sensitivity Analy
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of the results to the type and number of the elements is
conducted.
An outline of the remainder of this contribution is as fol-
lows: in Section 2, we briefly introduce the mathematical
formulation used to solve the neutron diffusion equation.
Section 3 presents the main specifications of the IAEA-2D [7,8]
and BIBLIS-2D [7,9] benchmark problems. The results obtained
from the developed computational codes are presented in
Section 4. In Section 5, we discuss the results, and a compari-
son of the results obtained from the performed calculation
using unstructured triangular and quadrilateral elements is
presented. Section 6 gives a summary and concludes the paper.
2. Mathematical formulation
In the absence of an external neutron source, the multigroup
neutron diffusion equation is as Eq. [1] [10,11]:
DgV2fgðx; yÞ þ Srgfgðx; yÞ ¼
cg
keff
XG
h¼1
nSf ;hfðx; yÞ
þ
XG
hsg
Sh/gfhðx; yÞ
g ¼ 1; 2; :::;G
(1)
where all quantities are defined as usual. The removal cross
section is expressed as Sr;g ¼ Sa;g þ
PG
h¼1;hsg
P
s;g/h.
Eq. [1] is a linear partial differential equation that could be
solved by different numerical methods. All of these methods
transform the differential equation into a system of algebraic
equations. Here, GFEM, a weighted residual method, is used to
discrete the neutron diffusion equation. To start the dis-
cretization, thewhole solution domain is divided into the finite
elements. The finite elements could be considered as un-
structured quadrilateral or triangular elements. The shape
function could be considered as linear or quadratic in each
element. In the following, the theory of the solution of the
neutron diffusion equation in four different states is explained:2.1. Unstructured quadrilateral elements
2.1.1. Linear approximation of the shape function
According to Fig. 1, both the linear and quadratic approxi-
mation could be used to discretize Eq. [1].nd (B) quadratic approximation of shape function.
sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
Fig. 2 e The coordinate transformation from (x,y) to (x,h) for unstructured quadrilateral element linear approximation of
shape function.
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of the shape function, the neutron flux distribution function
could be written as Eq. [2]:
fðeÞðx; yÞ ¼ NðeÞ1 ðx; yÞf1 þNðeÞ2 ðx; yÞf2 þNðeÞ3 ðx; yÞf3 þNðeÞ4 ðx; yÞf4
(2)
where 4i are the coordinates of the vertices i ¼ 1,2,3,4 in
Fig. 1A. The superscript (e) refers to the element number. In
the FEM, the structural system is modeled by a set of appro-
priate finite elements interconnected at points called nodes.
The local shape function in each element is defined as Eq. [3]:
NðeÞðx; yÞ ¼
j
NðeÞ1 ðx; yÞ NðeÞ2 ðx; yÞ NðeÞ3 ðx; yÞ NðeÞ4 ðx; yÞ
k
(3)
The GFEM is a weighted residual method the purpose of
which is to minimize the residual integral. In weighted re-
sidual methods, the weighting function is considered to be
WðrÞ ¼ WTNðrÞ. There are (at least) four submethods (colloca-
tion, sub-domain, least squares, and Galerkin) for different
functions ofWT. SinceWT is a unit in the Galerkinmethod, the
weighting function is considered as Eq. [4]:
WðrÞ ¼ NðrÞ; (4)
where NðrÞ is the global shape function.
Multiplying Eq. [1] by the weighting function and inte-
grating the results over the solution space, Eq. [5] is obtained:
∬
A
dxdyNðx;yÞ
 
DgV2fgðx;yÞþ
X
r;g
fgðx;yÞ
cg
keff
XG
h¼1
n
X
f ;h
fhðx;yÞ

XG
h¼1;hsg
X
h/g
fhðx;y
!
¼0
(5)
whereA denotes to all surfaces of the considered geometry. In
the above equation, the differential part is transformed by
applying the divergence theorem:
∬
A
dxdy Nðx; yÞ

 Dg V2fgðx; yÞ

¼ ∬
A
dxdy VNðx; yÞ$Vfgðx; yÞ
 ∬
A
dxdyV$

Nðx; yÞ Vfgðx; yÞ

¼ ∬
A
VNðx; yÞ$Vfgðx; yÞ
 ∬
A
dxdy Nðx; yÞ vfgðx; yÞ
vn
(6)Please cite this article in press as: S.A. Hosseini, Sensitivity Analy
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vfgðx; yÞ
vn
¼ Vfgðx; yÞ$n: (7)
Here, n is the normal unit vector on the surfaceA. Two types of
boundary condition (BC) are considered. The first BC is no
incoming neutrons at the vacuum boundaries (Marshak BC)
which is expressed as Eq. [8]:
vfgðx; yÞ
vn
¼  fgðx; yÞ
2Dg
: (8)
The second BC is zero net current or the perfect reflective
boundary condition, which is described by Eq. [9]:
vfgðrÞ
vn
¼ 0: (9)
Substituting the aforementioned equations and converting
the integration on the reactor domain to the sum of the inte-
gration on the finite elements, the final form of Eq. [5] is ob-
tained as Eq. [10]:
XE
e¼1
2
64 ∬
AðeÞ
dxdy DgVN
ðeÞðx;yÞVNTðeÞðx;yÞfðeÞg
þ
XðeÞ
r;g
∬
AðeÞ
dxdy NðeÞðx;yÞNTðeÞðx;yÞfðeÞg
þ
Z
Ub
ds NðeÞðx;yÞNTðeÞðx;yÞf
ðeÞ
g
2
3
75
¼
XE
e¼1
2
64cg
keff
XG
h¼1
n
X
f ;h
∬
AðeÞ
dxdyNðeÞðx;yÞNTðeÞðx;yÞfðeÞh
þ
XG
h¼1;hsg
X
h/g
∬
AðeÞ
dxdyNðeÞðx;yÞNTðeÞðx;yÞfðeÞh
3
75
(10)
whereNTðeÞ is the transpose of the shape function vector in the
element e ðNðeÞÞ.
We have encountered three types of integrals in solving the
Eq. [10]. To calculate the integrals in Eq. [10], a change of
variables to transform each of quadrilateral elements A(e)
(physical domain) to the calculation domain is used, as shown
in Fig. 2. In the calculation domain, the variables x and h are
defined in terms of old variables x and y as Eq. [11]:sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
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X4
i¼1
xiNiðx;hÞ; y ¼
X4
i¼1
yiNiðx;hÞ (11)
where xi and yi are the coordinates of the vertices of the
element in the (x,y) coordinate.Z1
1
Z1
1
NðeÞðx;hÞNTðeÞðx;hÞ$J$dxdh ¼ 1
9
2
6666664
2

2de0  de1  de2

2de0  de2 de0 2de0  de1
2de0  de2 2

2de0 þ de1  de2

2de0 þ de1 de0
de0 2d
e
0 þ de1 2

2de0 þ de1 þ de2

2de0 þ de2
2de0  de1 de0 2de0 þ de2 2

2de0  de1 þ de2

3
7777775
(17)The linear approximation of the shape function in the (x,h)
coordinate is defined as Eq. [12]:
Nei ðx;hÞ ¼
1
4
ð1þ xxiÞð1þ hhiÞ; i ¼ 1 4 (12)
where xi and hi are the coordinates of the vertices of the
element in the (x,h) coordinate.
The integral of an arbitrary function f(x,y) is obtained from
Eq. [13]:
∬
AðeÞ
fðx; yÞdxdy ¼
Z1
1
Z1
1
fðxðx;hÞ; yðx;hÞjJjdxdh (13)
where jJj is the Jacobian determinant according to Eq. (14):
J ¼
2
6664
vx
vx
vy
vx
vx
vh
vy
vh
3
7775 ¼ vxvx vyvh vxvh vyvx ¼ d0 þ d1xþ d2h: (14)
in which parameters are defined as Eq. (15):
d0 ¼ 18
ðx4  x2Þy1  y3þ ðx3  x1Þy4  y2;
d1 ¼ 18
ðx4  x3Þy2  y1þ ðx1  x2Þy4  y3;
d2 ¼ 18
ðx4  x1Þy2  y3þ ðx3  x2Þy4  y1:
(15)
Applying the coordinate transformation from (x,y) to (x,h),
the final form of Eq. [10] is obtained as Eq. (16):
XE
e¼1
2
4 Z1
1
Z1
1
dx dh jJjDg J1VNðeÞðx;hÞ$

J1VNðeÞðx;hÞTfðeÞg
þ
XðeÞ
r;g
Z1
1
Z1
1
dx dh jJjNðeÞðx;hÞNTðeÞðx;hÞfðeÞg
þ 0:5
Z1
1
dL NðeÞðx;hÞNTðeÞðx;hÞfðeÞg
3
5
¼ cg
keff
XE
e¼1
2
4XG
h¼1
2
4yXðeÞ
f ;h
Z1
1
Z1
1
dxdhjJjNðeÞðx;hÞfðeÞh
3
5
þ
XG
h¼1;hsg
2
4XðeÞ
h/g
Z1
1
Z1
1
dxdhjJjNðeÞðx;hÞNTðeÞðx;hÞfðeÞh
3
5
(16)Please cite this article in press as: S.A. Hosseini, Sensitivity Analy
Solver to the Shape of the Elements, Nuclear Engineering and TeIn the solution of integrals in Eq. (16), we encounter with
three types of integrals. The solution of the first type of the
available integrals by considering the linear approximation of
the shape function is as in Eq. (17):The second type of available integral is as Eq. (18). The in-
tegral is defined versus two terms as presented in Eqs. (19) and
(20).
Z
AðeÞ
dAV NðeÞðx; yÞV NTðeÞðx; yÞ ¼
Z
AðeÞ
2
6666664
vNe1
vx
vNe1
vy
« «
vNe4
vx
vNe4
vy
3
7777775

2
6664
vNe1
vx
…
vNe4
vx
vNe1
vy
/
vNe4
vy
3
7775dxdy (18)
Px;x;ei;j ¼
Z
Ue
vNei
vx
vNej
vx
dxdy
¼
Z1
1
Z1
1
1
J
"
vy
vh
vNei
vx
 vy
vx
vNei
vh
#"
vy
vh
vNej
vx
 vy
vx
vNej
vh
#
dxdh
(19)
Py;y;ei;j ¼
Z
Ue
vNei
vy
vNej
vy
dxdy
¼
Z1
1
Z1
1
1
J
"
 vx
vh
vNei
vx
þ vx
vx
vNei
vh
#"
 vx
vh
vNej
vx
þ vx
vx
vNej
vh
#
dxdh
(20)
where i,j ¼ 14 denotes the vertices of the element.
Eqs. (21) and (22) give the analytical solution of the integrals
of the Eqs. (19) and (20).
Px;x;ei;j ¼a0
h
aiajðT1Þ þ bibjðT2Þ þ gigjðT3Þ þ

aibj þ ajbi
ðT4Þ
þ giaj þ gjaiðT5Þ þ bigj þ bjgiðT6Þi (21)
Py;y;ei;j ¼a0
h
mimjðT1Þ þ liljðT2Þ þ ninjðT3Þ þ

milj þ mjli
ðT4Þ
þ nimj þ njmiðT5Þ þ linj þ ljniðT6Þi (22)sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
Fig. 3 e The coordinate transformation from (x,y) to (x,h) for unstructured quadrilateral element in quadratic approximation
of shape function.
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T1 y
4
3

3þ B2 þ C2 þ 0:6B4 þ C4þ 2B2C2;
T2 y
4
3

1þ 0:6B2 þ C
2
3
þ 3
7
B4 þ 0:2C4 þ 1:2B2C2
	
;
T3 y
4
3

1þ B
2
3
þ 0:6C2 þ 3
7
C4 þ 0:2B4 þ 1:2B2C2
	
;
T4 y 43B

1þ 0:6B2 þ C2;
T5 y 43C

1þ 0:6C2 þ B2;
T6 y
8
9
BC

1þ 1:2B2 þ C2:
(23)
B ≡ ðXE:YS XS:YEÞ=d0
C ≡ ðXS:YN XN:YSÞ=d0
ai ≡ ðxi:YN hi:YEÞ=ð4d0Þ;
bi ≡ xiðYS hi:YEÞ=ð4d0Þ;
gi ≡ hiðzi:YN YSÞ=ð4d0Þ;
mi ≡ ðhi:XE zi:XNÞ=ð4d0Þ;
li ≡ xiðhi:XE XSÞ=ð4d0Þ;
ni ≡ hiðXN xi:XSÞ=ð4d0Þ;XE ≡
1
4
X4
i¼1
xixi:
(24)
XN ≡
1
4
X4
i¼1
xihi;XS ≡
1
4
X4
i¼1
xixihi;YE ≡
1
4
X4
i¼1
yixi;
YN ≡
1
4
X4
i¼1
yihi;YS ≡
1
4
X4
i¼1
yixihi:
(25)Please cite this article in press as: S.A. Hosseini, Sensitivity Analy
Solver to the Shape of the Elements, Nuclear Engineering and TeThe last integral is related to the boundary conditions. The
solution of the integral related to the boundary conditions at
the vacuum boundaries is expressed as Eq. (26):
Z1
1
dL NðeÞðz;hÞNTðeÞðz;hÞ ¼ 1
2
LEðeÞ
2
664
2
3
1
3
1
3
2
3
3
775 (26)
where LE(e) is the length of the boundary edge in the element e.
The second BC is zero net current, or the perfect reflective
boundary condition, which is described by the 2  2 zero
matrix.
By assembling the local obtained matrices from Eqs. [9],
[10], and (18) on the elements, the final system of the equa-
tions is obtained. Here, the problem is solved using the power
iteration method described as follows:
(1) Initialize the multigroup fluxes and the eigenvalue with
f
ð0Þ
g , k
ð0Þ
eff ; compute the initial fission source
Sð0Þf ðrÞ ¼
PG
g¼1nSf ;gðrÞfð0Þg ðrÞ and set the iteration index to
n ¼ 1.
(2) Solve for the multi-group fluxes fðnÞg using:
DgV2fðnÞg ðrÞ þ
X
r;g
fðnÞg ðrÞ ¼
cg
kðn1Þeff
Sðn1Þf þ
X
g0sg
X
s;g0/g
f
ðn1Þ
g0 ðrÞ
g¼ 1;2; :::;G:
(27)
(3) Update thefission integralas:SðnÞf ðrÞ ¼
PG
g¼1nSf ;gðrÞ fðnÞg ðrÞ.
(4) Update the eigenvalue as:
kðnÞeff ¼ k
ðn1Þ
eff
R
U
dU SðnÞf ðrÞ =
R
U
dU Sðn1Þf ðrÞ.sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
Table 1 e The weight factors and coordinates of the
considered points in the GausseLegendre method.
wi (xi,hj) n
5
9
þ
ﬃﬃ
3
5
q
3
8
9
0
5
9

ﬃﬃ
3
5
q
Nu c l e a r E n g i n e e r i n g a n d T e c h n o l o g y x x x ( 2 0 1 6 ) 1e1 46(5) Compare kðnÞeff with k
ðn1Þ
eff andf
ðnÞ
g withf
ðn1Þ
g for all energy
groups. If the changes are greater than a prescribed
tolerance, then set n ¼ nþ 1 and repeat the iteration
stated at Step 2; otherwise the iteration is over.
Applying the above mentioned algorithm to solve the sys-
tem of equations results in the calculation of the neutron flux
distribution in each energy group and the multiplication
factor.
2.1.2. Quadratic approximation of the shape function
In the quadratic approximation of the shape function, the
neutron flux distribution is defined versus scalar flux of the
four vertices and four middle points (Fig.1B). The neutron flux
distribution in the quadratic approximation is defined as Eq.
(28):
fðeÞðx; yÞ ¼ N1ðx; yÞ f1 þN2ðx; yÞ f2 þN3ðx; yÞ f3 þN4ðx; yÞ f4
þN5ðx; yÞ f5 þN6ðx; yÞ f6 þN7ðx; yÞ f7 þN8ðx; yÞ f8
(28)
where the shape function' components are as in Eq. (29):
Nðx;yÞ¼ ½N1ðx;yÞ N2ðx;yÞ N3ðx;yÞ N4ðx;yÞ N5ðx;yÞ N6ðx;yÞ
N7ðx;yÞ N8ðx;yÞ
(29)
Due to the complexity of the solution of the neutron
diffusion equation in the present state, the coordinate trans-
formation from (x,y) to (x,h) is performed (Fig. 3). The shape
function components in the new coordinate are defined by
Eqs. (30) and (31):
Nei ðx;hÞ ¼
1
4
ð1þ xxiÞð1þ hhiÞðxxi þ hhi  1Þ; i ¼ 1;3;5; 7 (30)Fig. 4 e Unstructured triangle element. (A) Linear and
Please cite this article in press as: S.A. Hosseini, Sensitivity Analy
Solver to the Shape of the Elements, Nuclear Engineering and Tei ¼ 2;60 Nei ðx;hÞ ¼
1
2

1 x2ð1þ hhiÞ
i ¼ 4;80 Nei ðx;hÞ ¼
1
2
ð1þ xxiÞ

1 h2 (31)
The relationship between two considered coordinates is
defined by Eq. (32):
x ¼
X8
i¼1
xiNiðx;hÞ; y ¼
X8
i¼1
yiNiðx;hÞ (32)
The Jacobian of the transformation in this state is calcu-
lated by Eq. (33):
J¼
2
6664
vx
vx
vy
vx
vx
vh
vy
vh
3
7775¼ vxvx vyvh vxvh vyvx
¼a0þa1xþa2hþa3xhþa4x2þa5h2þa6x2hþa7xh2þa8x2h2
þa9x3þa10h3 (33)
where the coefficients in Eq. (33) are defined as Eqs. (34e36):
J¼
2
6664
vx
vx
vy
vx
vx
vh
vy
vh
3
7775¼ vxvx vyvh vxvh vyvx
¼a0þa1xþa2hþa3xhþa4x2þa5h2þa6x2hþa7xh2þa8x2h2
þa9x3þa10h3 (34)
a0 ¼ GxFy  GyFx;a1 ¼ 2AxFy þ GxEy  2AyFx  GyEx;
a2 ¼ ExFy þ 2GxBy  EyFx  2GyBx;
a3 ¼ 4AxBy þ 2CxFy þ 2GxDy  4AyBx  2CyFx  2GyDx;
a4 ¼ 2AxEy þ GxCy  2AyEx  GyCx;
a5 ¼ DxFy  2BxEy þ 2ByEx  DyFx;
a6 ¼ 4AxDy þ 2CxEy þ ExCy  4AyDx  2CyEx  EyCx;
a7 ¼ 4CxBy þ DxEy þ 2ExDy  4CyBx  2EyDx  DyEx;
a8 ¼ 4CxDy þ DxCy  4CyDx  DyCx; a9 ¼ 2AxCy  2AyCx;
a10 ¼ 2ByDx  2BxDy:
(35)(B) quadratic approximation of shape function.
sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
Fig. 6 e The 1/8 of the BIBLIS-2D reactor core (The Cl
displays symmetry line).
Nu c l e a r E n g i n e e r i n g a n d T e c h n o l o g y x x x ( 2 0 1 6 ) 1e1 4 7At ¼ 14 ½t1  2t2 þ t3 þ t5  2t6 þ t7;
Bt ¼ 14 ½t1  2t4 þ t3 þ t5  2t8 þ t7;
Ct ¼ 14 ½  t1 þ 2t2  t3 þ t5  2t6 þ t7;
Dt ¼ 14 ½  t1  2t4 þ t3 þ t5 þ 2t8  t7;
Et ¼ 14 ½t1  t3 þ t5  t7;
Ft ¼ 12 ½t2 þ t6;
Gt ¼ 12 ½t4  t8;
Ht ¼ 14 ½  t1 þ 2t2  t3 þ 2t4  t5 þ 2t6  t7 þ 2t8: t ¼ x; y
(36)
Unlike the linear approximation, there is no analytical so-
lution for the integrals that appeared in the quadratic
approximation. Therefore, we should use numerical methods
to solve the mentioned integrals. Here, the numerical
GausseLegendre method, as in Eq. (37), is used:
Z1
1
Z1
1
fðx;hÞdxdh ¼
Xn
i¼1
Xn
j¼1
wiwjf

xi;hj

(37)
where (xi,hj) denotes the coordinates of the considered point in
the integral. Also, wi and wj are the weight factors of the
GausseLegendre method. Table 1 displays the weight factors
and (xi,hj) in the third order. Here, the third order is used to
solve the integrals numerically.
The application of the numerical GausseLegendre method
gives the local matrices in each element. Assembling the local
matrices to a global one gives the final system of the equations
that is solved using the same applied algorithm in the linear
approximation.
2.2. Unstructured triangle elements
2.2.1. Linear approximation of the shape function
To solve Eq. [1] in linear approximation of the shape function
in the unstructured triangluar elements, the geometry is
divided into the mentioned elements (as Fig. 4A).Fig. 5 e The coordinate transformation from (x,y) to (x,h) for unst
function.
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Solver to the Shape of the Elements, Nuclear Engineering and TeIn linear approximation of the shape function, the neutron
flux distribution in each element is defined as in Eq. (38):
fðeÞðx; yÞ ¼ NðeÞ1 ðx; yÞ f1 þNðeÞ2 ðx; yÞf2 þNðeÞ3 ðx; yÞ f3 (38)
in which NðeÞi ðx; yÞ ¼ LðeÞi ðx; yÞ. The LðeÞi ðx; yÞ is defined as in Eq.
(39):
LðeÞi ðx; yÞ ¼
ai þ bixþ ciy
2DðeÞ
; i ¼ 1; 2; 3: (39)
The coefficients ai, bi, ci are defined as in Eqs. (40e42):
a1 ¼ x2y3  y2x3;b1 ¼ y2  y3; c1 ¼ x3  x2 (40)
a2 ¼ x3y1  y3x1;b2 ¼ y3  y1; c2 ¼ x1  x3 (41)
a3 ¼ x1y2  y1x2;b3 ¼ y1  y2; c3 ¼ x2  x1 (42)
The solution of the Eq. [1] using GFEM and unstructured
triangular elements is complicated. Therefore, according to
Fig. 5, a coordinate transformation from (x,y) to (x,y) should beructured triangle element in linear approximation of shape
sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
Table 2 e The material cross section of each assembly for the BIBLIS-2D reactor core.
M8 M7 M6 M5 M4 M3 M2 M1
1.43930 1.43890 1.43850 1.43810 1.43890 1.32000 1.43600 1.43600 D1 (cm)
0.36800 0.36790 0.36650 0.36650 0.36380 0.27720 0.36360 0.36350 D2 (cm)
0.00643 0.00619 0.00643 0.00619 0.00745 0.00000 0.00619 0.00587 nSf,1 (/cm)
0.10911 0.10358 0.10911 0.10358 0.13236 0.00000 0.10358 0.09607 nSf,2 (/cm)
0.02762 0.02729 0.02732 0.02729 0.02746 0.02576 0.02730 0.02726 SR,1 (/cm)
0.09051 0.088024 0.08731 0.08483 0.09141 0.07160 0.07844 0.07506 SR,2 (/cm)
1 1 1 1 1 0 1 1 c1
0 0 0 0 0 0 0 0 c2
Fig. 7 e The 1/12 of the IAEA-2D reactor core.
Table 3 e The material cross section of each assembly for
the IAEA-2D reactor core.
M4 M3 M2 M1
1.500 1.500 1.500 1.500 D1 (cm)
0.400 0.400 0.400 0.400 D2 (cm)
0.000 0.000 0.000 0.000 nSf,1 (/cm)
0.000 0.135 0.135 0.135 nSf,2 (/cm)
0.040 0.030 0.030 0.030 SR,1 (/cm)
0.010 0.130 0.085 0.080 SR,2 (/cm)
0 1 1 1 c1
0 0 0 0 c2
Nu c l e a r E n g i n e e r i n g a n d T e c h n o l o g y x x x ( 2 0 1 6 ) 1e1 48done. The relation between thementioned coordinates is as in
Eqs. (43) and (44):
zðeÞðx; yÞ ¼ 1
2DðeÞ
h
yðeÞ3  yðeÞ1

x xðeÞ1

þ

xðeÞ1  xðeÞ3

y yðeÞ1
i
(43)
hðeÞðx; yÞ ¼ 1
2DðeÞ
h
yðeÞ1  yðeÞ2

x xðeÞ1

þ

xðeÞ2  xðeÞ1

y yðeÞ1
i
(44)Table 4 e The calculated neutron multiplication factor for the
Ref. Triangle element
Quadratic Linear No. of the element
1.02511 1.02489 1.02459 900
1.02511 1.02495 2,796
1.02511 1.02506 4,068
1.02511 1.02509 9,664
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dinate is as in Eq. (45):
NðeÞi ðz;hÞ ¼
2
41 z hz
h
3
5 (45)
Similar to the performed calculation for quadrilateral ele-
ments, the solution of the Eq. [1] is done using GFEM and
shape function defined in Eq. (45).
2.2.2. Quadratic approximation of the shape function
In the quadratic approximation of the shape function with
unstructured triangular elements displayed in Fig. 4B, the
shape function is considered as in Eq. (46):
Niðx; yÞ ¼ ð2Liðx; yÞ  1ÞLiðx; yÞ i ¼ 1;2;3
N4ðx; yÞ ¼ 4L1ðx; yÞL2ðx; yÞ;N5ðx; yÞ ¼ 4L2ðx; yÞL3ðx; yÞ;
N6ðx; yÞ ¼ 4L3ðx; yÞL1ðx; yÞ
(46)
where Li(x,y) has been defined in Eq. (39).
By considering the shape function presented in Eq. (38),
utilizing the same applied steps to linear approximation and
analytical integration, the neutron multiplication factor and
neutron flux distribution in each energy group are obtained.3. Main specification of the benchmark
problems
The described method for solving the neutron diffusion
equation is applied to obtain the dominant eigenvalue and its
corresponding eigenfunction of the nuclear reactor cores.
Here, the BIBLIS-2D [7,9] and IAEA-2D [7,8] PWR benchmark
problems, in the approximation of two energy groups have
been studied. Fig. 6 displays the quarter of the BIBLIS-2D PWR.
The boundary conditions of the reactor core comprise of no
incoming current for the external boundaries and the perfect
reflective for the symmetry line boundaries. Table 2 repre-
sents the material cross section of each assembly for BIBLIS-BIBLIS-2D reactor core.
Quadrilateral element
s Quadratic Linear No. of the elements
1.02512 1.02491 1,028
1.02511 1.02502 2,313
1.02511 1.02507 4,112
1.02511 1.02509 9,252
sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
Fig. 8 e A view of gridded BIBLIS-2D reactor core with unstructured triangle elements.
Nu c l e a r E n g i n e e r i n g a n d T e c h n o l o g y x x x ( 2 0 1 6 ) 1e1 4 92D reactor. The IAEA-2D reactor is an International Atomic
Agency benchmark proposed by Argonne National Labora-
tory. The benchmark features 13 rodded assemblies in the
core with a 300 symmetry. The discretization in hexagons of
the core and thematerials distribution are shown in Fig. 7 and
Table 3, respectively. As shown in Tables 2 and 3, it is assumed
that the fission neutrons are generated within a fast energy
group.4. Numerical results
First, we present the results for the BIBLIS-2D reactor core.
Table 4 shows the calculated effective neutron multiplicationFig. 9 e A view of gridded BIBLIS-2D reactor core
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Solver to the Shape of the Elements, Nuclear Engineering and Tefactor versus the number of elements using unstructured
triangular and quadrilateral elements for both linear and
quadratic approximations of the shape function. The mini-
mum and maximum numbers of triangular elements are 900
and 9,664, respectively. Also, the minimum and maximum
numbers of quadrilateral elements are 1,028 and 9,252,
respectively. Figs. 8 and 9 display views of the gridded BIBLIS-
2D reactor core using unstructured triangular and quadrilat-
eral elements, respectively. Figs. 10 and 11 show the calcu-
lated fast and thermal neutron flux distributions in the BIBLIS-
2D reactor core. The convergence criteria for the calculation of
the neutron flux distribution and neutron multiplication fac-
tor is 105. Fig. 12 displays the comparison between thewith unstructured quadrilateral elements.
sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
Fig. 10 e Fast neutron flux distribution in the BIBLIS-2D reactor core.
Nu c l e a r E n g i n e e r i n g a n d T e c h n o l o g y x x x ( 2 0 1 6 ) 1e1 410calculated relative power distribution using the mentioned
computational codes and reference data. The reported relative
power distribution in the present study for the BIBLIS-2D
reactor core has been calculated by considering the number
of 9,252 and 9,664 unstructured quadrilateral and triangular
elements, respectively. As shown, the quadratic approxima-
tion gives more accurate results in comparison to the linear
one for both triangular and quadratic elements. The results
show that utilizing the unstructured quadrilateral elements in
rectangular geometries gives more accurate results in com-
parison to the triangular ones.
The same results for the IAEA-2D reactor core are repeated
in Table 5 and Figs. 13e17. Figs. 13 and 14 display a view of theFig. 11 e Thermal neutron flux distribu
Please cite this article in press as: S.A. Hosseini, Sensitivity Analy
Solver to the Shape of the Elements, Nuclear Engineering and Tegridded BIBLIS-2D reactor core using unstructured triangular
and quadrilateral elements, respectively. The minimum and
maximum numbers of triangular elements are 736 and 4,388,
respectively. Also, the minimum and maximum numbers of
quadrilateral elements are 600 and 4,701, respectively. The
reported relative power distribution in the present study for
the IAEA-2D reactor core has been calculated by considering
the number of 4,701 and 4,388 unstructured quadrilateral and
triangular elements, respectively. As shown in Fig. 17, the
calculated relative power distribution in the reactor core
using unstructured triangular elements gives approximately
accurate results in comparison to the unstructured quadri-
lateral elements.tion in the BIBLIS-2D reactor core.
sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
Fig. 12 e Relative power distribution in the BIBLIS-2D reactor core. QUA-1, unstructured quadrilateral elements with linear
approximation of the shape function; QUA-2, Unstructured quadrilateral elements with quadratic approximation of the
shape function; RPE, relative percent error; RI-1, unstructured triangle elements with linear approximation of the shape
function; TRI-2, unstructured triangle elements with quadratic approximation of the shape function.
Nu c l e a r E n g i n e e r i n g a n d T e c h n o l o g y x x x ( 2 0 1 6 ) 1e1 4 11Relative percent error (RPE) in aforementioned figures is
defined as Eq. (47):
RPEð%Þ ¼ calculated value reference value
reference value
 100 (47)
5. Discussion
In the present study, the neutron diffusion equation was
solved using linear and quadratic approximations of the
GFEM with unstructured triangular and quadrilateral ele-
ments. The purpose of the present study was theTable 5 e The calculated neutron multiplication factor for the I
Ref. Triangle element
Quadratic Linear No. of the element
1.00551 1.00554 1.00622 736
1.00552 1.00591 1,342
1.00551 1.00564 4,388
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Solver to the Shape of the Elements, Nuclear Engineering and Teinvestigation of the sensitivity of the accuracy of the calcu-
lation to the element's type. As shown in Tables 4 and 5,
differences between the calculated neutron multiplication
factor and reference values [12,13] decrease when the num-
ber of meshes is increased. Also, the results obtained from
the quadratic approximation are more accurate than those
obtained from the linear one. For the neutron diffusion so-
lution in the IAEA-2D reactor core, the utilized unstructured
triangle elements give approximately accurate results in
comparison to the unstructured quadrilateral elements in the
linear approximation of the shape function, while for the
BIBLIS-2D reactor core, the unstructured quadrilateral ele-
ments are suitable. For the quadratic approximation of theAEA-2D reactor core.
Quadrilateral element
s Quadratic Linear No. of the elements
1.00553 1.00547 600
1.00551 1.00526 1,668
1.00551 1.00514 4,701
sis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
Fig. 13 e A view of gridded IAEA-2D reactor core with unstructured triangle elements.
Fig. 14 e A view of gridded IAEA-2D reactor core with unstructured quadrilateral elements.
Fig. 15 e Fast neutron flux distribution in the IAEA-2D reactor core.
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Fig. 16 e Thermal neutron flux distribution in the IAEA-2D reactor core.
Fig. 17 e Relative power distribution in the IAEA-2D reactor core. QUA-1, unstructured quadrilateral elements with linear
approximation of the shape function; QUA-2, Unstructured quadrilateral elements with quadratic approximation of the
shape function; RPE, relative percent error; RI-1, unstructured triangle elements with linear approximation of the shape
function; TRI-2, unstructured triangle elements with quadratic approximation of the shape function.
Nu c l e a r E n g i n e e r i n g a n d T e c h n o l o g y x x x ( 2 0 1 6 ) 1e1 4 13shape function, the application of the unstructured trian-
gular and quadrilateral elements gives approximately the
same results. For the IAEA-2D benchmark problem only in
two fuel assemblies, the application of the triangular ele-
ments gives better results than the quadrilateral ones.Please cite this article in press as: S.A. Hosseini, Sensitivity Analy
Solver to the Shape of the Elements, Nuclear Engineering and Te6. Conclusion
In this study, the development of the neutron diffusion
equation computational code using GFEM with unstructured
triangular and quadrilateral elements was reported. Utilizingsis of the Galerkin Finite Element Method Neutron Diffusion
chnology (2016), http://dx.doi.org/10.1016/j.net.2016.08.006
Nu c l e a r E n g i n e e r i n g a n d T e c h n o l o g y x x x ( 2 0 1 6 ) 1e1 414both the unstructured triangular and quadrilateral elements
gives acceptable results. The difference between the calcu-
lated results and the reference value decreases when the
number of elements increases. It is concluded that the
developed computational code gives acceptable results for
static calculation for both hexagonal and rectangular geome-
tries. To have optimized cost of the calculation, it is suggested
that the calculation is performed using unstructured trian-
gular elements in the case of the IAEA-2D reactor core or any
hexagonal geometries. Also, utilizing the quadrilateral ele-
ments in the case of the BIBLIS-2D reactor core or any rect-
angular geometries is advised.Conflicts of interest
All authors have no conflicts of interest to declare.
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fg Neutron flux in energy group g
keff Neutron multiplication factor
cg The probability that a fission neutron will be born
with an energy in group g
Dg Diffusion constant in energy group g,
Sr,g Macroscopic removal cross section in energy group g,
Sf,g Macroscopic fission cross section in energy group g,
Sh/g Macroscopic scattering cross section from energy
group h to g,
n Fission neutron yield,
V Nabla operator,
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